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Abstract 

The existence of random attractors for singular stochastic partial differential equa- 
tions (SPDE) perturbed by general additive noise is proven. The drift is assumed only 
to satisfy the standard assumptions of the variational approach to SPDE with com- 
pact embeddings in the Gelfand triple and singular coercivity. For ergodic, monotone, 
contractive random dynamical systems it is proven that the attractor consists of a 
single random point. In case of real, linear multiplicative noise finite time extinction 
is obtained. Applications include stochastic generalized fast diffusion equations and 
stochastic generalized singular p-Laplace equations perturbed by Levy noise with jump 
measure having finite first and second moments. 
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Introduction 



The dynamical behaviour of random systems induced by stochastic (partial) differential 
equations has attained much interest in recent years. Especially the analysis of the long-time 
behaviour of such systems by means of the existence of random attractors has been intensively 
discussed since the foundational work in [211 ESI HS]- However, for quasilinear SPDE the 
existence of random attractors could so far only be proven for degenerate drifts occurring for 
example in porous media and degenerate p-Laplace equations. The case of singular equations 
requires different techniques and is solved in this paper for the first time. The existence of 
attractors to certain singular PDE such as singular reaction-diffusion equations has been an 
open problem even in the deterministic case. For related results on deterministic, degenerate 
PDE which are partially complemented by this paper we refer to [13 [ISl [13 [TSl [13 I3S1 HSl 
HH [50] and references therein. 

Until recently the existence of random attractors could only be shown for concrete examples 
of SPDE of semilinear type, i.e. of the form 

dXt = (AXt + F{Xt))dt + B{Xt)dWt, 

with linear main part A. The first approach to a truly quasilinear stochastic equation has 
been presented in [11] by proving the existence of random attractors for generalized stochastic 
porous media equations. This specific example has then been recovered in [30] (at least for 
more regular noise) as an application of a first general result providing the existence of 
random attractors for a class of SPDE perturbed by general noise, i.e. for equations of the 
form 

dXt = A{Xt)dt + dNt. 

In that paper superlinear/degenerate drifts, i.e. satisfying v''{A{v),v)v > c||i'||^ with a>2 
as well as an additional approximative coercivity condition have been considered. Regarding 
applications, the superlinear case corresponds to degenerate parabolicity as occurring for 
example in porous media equations and degenerate p-Laplace equations. 

The results mentioned above are complemented in several ways by the present paper. First, 
we consider SPDE with singular drift (i.e. satisfying v*{A{v),v)y > c\\v\\y = 

with 1 < a < 2) of the form 

(0.0) dXt = A{t, Xt)dt + dNf 

Such equations are called singular since the coercivity coefficient is singular when 

\m\v 

\\v\\v approaches 0. Second, we will not require the additional approximative coercivity 
condition used in [30] and thereby we are able to allow much rougher noise Nt. Third, we 
present an approach that allows to combine the knowledge about the existence of a random 
puUback attractor and the ergodicity of the associated Markovian semigroup to prove that 
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the random attractor consists of a single random point, which in turn is a globally stable 
equilibrium of the RDS. 

For deterministic equations it is well known that the dynamical behaviour of systems induced 
by singular equations differs strongly from the one produced by super linear /degenerate drifts. 
For example, while solutions to porous media equations (PME) decay to at a polynomial 
rate (cf. [1]), finite time extinction occurs for solutions to fast diffusion equations (cf. [IH] 
and references therein). Concerning the existence of attractors two main obstacles occur in 
case of singular drifts. First, it is more difficult to obtain a global control for the solutions 
or in other words to prove bounded absorption for the associated RDS, since the coercivity 
coefficient in 

V*{A{v),v)v > II ||2-« ll^lly 

W^Wv 

degenerates for large values of v. This problem is solved by the present paper by proving 
new a priori estimates for singular ODE. Second, the regularizing properties of singular 
equations are weaker than in the degenerate case. For example, consider the stochastic 
singular p-Laplace equation (SpLE) with reaction term G 

dXt = {div{\VXt\''-^VXt) + G{Xt)) dt + dNt, l<a< 2. 

In the degenerate (a > 2) and in the singular case (1 < a < 2) solutions take values in 
Wq'" C L^. While for degenerate equations this implies regularization into the invariant 
subspace Wq''^, this fails in the singular case. Therefore, a different technique to obtain 
attraction by a compact set is needed. Even in the deterministic case the existence of 
attractors to such singular equations has been an open problem. 

Another prominent example of a singular SPDE is the stochastic fast diffusion equation 

(SFDE) dXt = {A{\Xt\''^hgn{Xt)) + g{t)) dt + dNt, l<a< 2. 

Among other applications, SFDE are used as models for heat diffusion in plasma and for 
self-organized criticality [8] . Concerning the theory of self-organized criticality, in particular 
the convergence of arbitrary initial states to the critical state (which is a key property of 
systems exhibiting self- organized criticality) and therefore the long-time behaviour of the 
solutions is of importance. Some results for SFDE perturbed by linear multiplicative space- 
time noise have been given in [8l|9]. The physically relevant case of additive noise has not yet 
been considered. Application of our general result to SFDE with additive noise proves the 
existence of a pullback random attractor consisting of a single random point, or equivalent ly 
the existence of a globally stable random equilibrium. Stochastic porous media equations and 
SFDE have been intensively investigated in recent years (cf. e.g. [5ll6| [Tf [26 | [27 t |28 | |3T | [39 | BO] 
and references therein). 

In the applications it is important to consider noise with only small spatial correlations, 
which corresponds to noise satisfying only low spatial regularity. While in [30] it essentially 
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had to be assumed ANt G V we only require Nt & V (where V is the Banach space of the 
Gelfand triple associated to the variational formulation of an SPDE, c.f. {Al)-{A4) below) 
by adopting a technique from [15]. In addition, in [30] the drift A was assumed to be 
weakly coercive in some additional, compactly embedded space S <^ H (cf. [301 {H5)]). This 
assumption will not be needed here and thus our results apply to any singular equation of 
the form (10. Op fitting into the variational framework (i.e. satisfying {Al)-{A4) below) as 
long as the embedding V H is compact. This enables us to cover stochastic generalized 
singular p-Laplace equations and stochastic generalized fast diffusion equations. 
The main idea is that the variational approach to SPDE is based on a regularizing property 
of the drift, meaning that solutions take values in the smaller space C if for almost all 
times. We use this property to deduce the compactness of the stochastic flow (i.e. S(t, s; u)B 
is a compact set for all B C H bounded), which in turn yields attraction by a compact set 
as soon as bounded absorption has been shown. 

For deterministic dynamical systems tp on partially ordered spaces H it is well known that a 
monotonicity (or order-preserving) property of Lp (i.e. ip{t)x > (p{t)y, for x > y) significantly 
simplifies the dynamics. In some recent work (cf. [3], [12l [20], EH |42] and the references 
therein) such monotonicity properties have been used to study dynamical properties of RDS. 
In particular, in [21] it has been shown that a monotone, ergodic RDS has a weak pullback 
attractor consisting of a single random point. However, it had to be assumed that the cone 
C if of nonnegative elements of H has nonempty interior, which is not satisfied by 
many commonly used state spaces, as for example spaces. We prove that for an ergodic, 
monotone, contractive RDS on a partially ordered space satisfying the existence of upper 
bounds (i.e. for x,y ^ H there exists z & H with x,y < z) the random attractor consists of 
a single point. In contrast to the assumptions in [21], upper bounds do exist in spaces as 
well as in if = {H^{0))* and thus our results can be applied to SFDE as well as to SpLE. We 
emphasize that the standard approach to prove single-valuedness of the random attractor 
for degenerate equations (cf. e.g. [HI [30]) does not apply to singular equations since singular 
drifts do not satisfy the required strong monotonicity conditions. 

As concrete examples we consider stochastic generalized fast diffusion equations and stochas- 
tic generalized singular p-Laplace equations perturbed by additive noise A^^ with Nt having 
stationary increments, cadlag paths and sufficiently slow growth. In particular, this includes 
all Levy processes with jump measure having finite first and second moments. The general 
results will then prove existence and compactness of an associated RDS and the existence of 
a random pullback attractor. In the case that Nt is an infinite dimensional Brownian Motion, 
we will further prove that the associated Markovian semigroup is strongly mixing and that 
the random attractor consists of a single point, hence is a globally stable equilibrium point. 

For singular SPDE perturbed by real linear multiplicative noise, i.e. of equations of the form 

(0.1) dXt = A{t, Xt)dt + iiXt o dl3t, 

we show that the long-time behaviour can be described by forward random attractors (and 
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hence weak random attractors), where Pt is a real- valued Brownian motion and o is the 
Stratonovich stochastic integral. For the notions of forward and weak random attractors 
see |41]. In fact, we will show a lot more, namely finite time extinction, i.e. A{oj) = {0} 
is forward-absorbing. This result is related to the model of self-organized criticality as 
presented in [8]. With our simplified structure of the noise, i.e. space-independent noise, 
we can strengthen the assertion of finite time extinction with non-zero probability proven 
in |8] to almost sure finite time extinction. We consider a stochastic perturbation in the 
Stratonovich sense, since the corresponding Ito noise causes an artificial stabilization of the 
random dynamics as it has been observed in [I3] . 

In Section 1 we recall some basics on stochastic flows, RDS and random attractors. The 
precise assumptions and main results will be given in Section 2, while their proofs are post- 
poned to Section 4. In Section 3 we present the application of our general results to SFDE 
and SpLE. 



1 Basics on stochastic flows and RDS 

We now recall the basic framework of stochastic flows, RDS and random attractors. Let 
{H,d) be a complete separable metric space and ((fi, J^, P), {Ot}tm) be a metric dynamical 
system, i.e. {t,u) i— >■ Ot{uj) is (i3(]R) (g> J-", J-')-measurable, 6*0 = id, 9t^s = dt ° and 6t is 
P-preserving, for all s,t G M. 

Definition 1.1 (Stochastic Flow). A family of maps S{t,s;u) : H ^ H , s < t is said to be 
a stochastic flow, if for all u & Q 

(i) S{s, s; u) = idu, for all s G M. 

(a) S{t, s; u)x = S{t, r; u)S{r, s; u)x, for allt>r>s,x^H. 
A stochastic flow S{t, s; u)x is called 

(Hi) measurable if the map uj — )■ S{t, s; uj)x is measurable for all s < t,x E H 
(iv) continuous if the map x — ?■ S{t, s; u)x is continuous for all s < t, u E Q 
(v) a cocycle if 

S(t, s; u)x = S{t — s,0] 9su)x, 
for all X E H , u eVL and all t > s. 

Definition 1.2 (Random Dynamical System). A measurable map : M+ x Q x H ^ H 

satisfying 
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i. (p{0, oj) = 

ii. ip(t + s,u) = ip{t,9su) o Lp(^s,u), Wu & Q, s,t>0 

is called an RDS. If x ^ ip{t,u)x is continuous for all t E M., u E Q then ip is a continuous 
RDS. 

There is a close connection between RDS and cocycle stochastic flows. Let S'(t, s; uo) be 
a cocycle stochastic flow such that (t,a;,x) h- )■ S{t,Q]u)x is measurable. Then '^{t,oj) := 
S{t,0;io) defines an RDS. Vice versa, let f(t,u) be an RDS and define S{t,s;u) := ip{t — 
s,6su). Then S{t,s;u) is a measurable cocycle stochastic flow. 

Having the notions of a stochastic flow and RDS at our disposal we can now consider their 
long time behaviour. In the following let S(t, s; u)x be a stochastic flow. 

Definition 1.3. A family {D{t,(jj)}t^^^ coeu of subsets of H is said to be 

i. a random closed set if it is F-a.s. closed and uo — )■ d{x^ D{t, u)) is measurable for each 
X E H , t E M.. In this case we also call D measurable. 

ii. right lower-semicontinuous if for each t E M., u E y E D{t,u) and tn i t there is a 
sequence yn G D{tn,u) such that yn —> y or equivalently d{y, D{tn,Lo)) — )• 0. 

For normed spaces H we define H-BH/f := sup^g^ W^Wh- The a priori bound for solutions to 
singular SPDE given in the proof of Theorem 12.61 will lead to collections of w-dependent sets 
satisfying the following growth property: 

Definition 1.4. Let H be a normed space. A family of sets {D{t,u)}t£R, ujgu is said to be 
of subpolynomial growth of order j3 > if 

hm Mil^ = o, Va;6a 

In the following let P be a system of families {D{t,u)}tizM.,uiGn of subsets of H. 
Definition 1.5 (Absorption & Attraction). A family of sets {F{t,u)}t£R,uj£n is said to be 

i. T> -absorbing, if there is a set VIq ^ZVl of full ^-measure such that for all D eT>, t eM. 
and u eVLq there exists an absorption time Sq = So(w,-D,t) such that 

S(t, s; u)D{s, u) C F(t, u), for all s < sq. 

ii. T)- attracting, if there is a set VLq ^^Vt of full W -measure such that for all D eT), t eM. 
and uj eVLq 

d{S{t, s; u)D{s, u), F{t, u)) — )■ 0, for s — )■ — oo. 
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Definition 1.6 (Compactness & Asymptotic Compactness). A stochastic flow S(t,s;u) is 
called 



i. I) -asymptotically compact if there is a V- attracting family {K{t,oj)}t^K^ujen of compact 
subsets of H . 

a. compact if S{t,s;uj)B is a precompact subset of H for all t > s, u E Q and each 
bounded set B C H . 

By [211 Lemma 2.1] we know that a continuous stocliastic flow S{t,s]u) is asymptotically 
compact iff it is compactly attracted by a compact set for each time t G M (where the P-zero 
set on which attraction occurs may depend on t). Let {D{t, u})}tm, wen be a family of subsets 
of H. We define the f2-limit set by 



There are several stochastic generalizations of the deterministic notion of an attractor. For 
example, pullback attractors, forward attractors, weak attractors and measure attractors. 
For a comparison of some of these we refer to [H]. All of these notions coincide with the 
usual notion of an attractor in the deterministic case. In the sequel we will mainly work 
with pullback attractors and simply call them random attractors. 

Definition 1.7 (Random Attractor). A family of sets {A(t, u)}tm, toen is called a V -random 
attractor for S{t, s; u) if it satisfies P-a.s. 

i. A{t,u) is nonempty and compact, for each t G M. 
a. A is V- attracting. 
Hi. A is invariant under S{t,s;u), i.e. 



With this definition we can give a sufficient condition for the existence of a random attractor 
(cf. [211 Theorem 2.1.]). Let o E H he some arbitrary point in H. 

Theorem 1.8 (Existence of Random Attractors). Let S{t, s; u) be a continuous, V- asymptotically 
compact stochastic flow and let K be the corresponding!) -attracting family of compact subsets 
of H . Then 



n{D, t- w) := pj y S{t, T- uj)D{t, oj). 



r<t T<r 



S{t, s; u)A{s, u) = A{t, u), Ws < t. 
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defines a random V-attractor for S{t, s; u) and A{t, u) C K{t, u) fl Q{K, t; u) for all u ^ Qq 
(where is as in Definition \1.5\) . 

Let now s S{t, s; u)x be right- continuous locally uniformly in x and S{t, s; u)x be mea- 
surable. If either 

(i) there is a countable family "Dq C V consisting of right lower-semicontinuous random 
closed sets such that for each D E T) , uo E Vt there is a Dq E Vq satisfying D{t,u) C 
Doltju) for allt eM. small enough. 

(a) K eT) and K is a right lower-semicontinuous random closed set, 

then A is a random closed set. In case of (ii), A{t, u) = Q{K, t; u) for all u E Qq. 

If S{t, s; u})x is a cocycle and either (i) holds with Vq consisting of strictly stationary sets or 
(ii) is satisfied with K being strictly stationary, then A is strictly stationary. 

If the P-random attractor A is contained in P or ^ is measurable and strictly stationary with 
{C ^ H\ C compact} C D, then A is unique (cf. [22]). Moreover, the random D-attractor 
A constructed in Theorem 11.81 is uniquely determined as the minimal random D-attractor. 

The dynamical behavior of RDS can be significantly simpler if the RDS preserves a partial 
order structure on the state space H. For example this idea has been used in [3l[T2 |[20l[2T| B2]. 
A closed, convex cone C H satisfying Hj^ fl (— = {0} defines a partial order relation 
on H which is compatible with the vector structure on H by defining x<yiffy — xG 
A cone iJ+ is said to be solid if it has nonempty interior. 

Definition 1.9 (Monotone RDS). Let S C H . An RDS Lp is said to be 

i. monotone on S iff for allx<y,x,yES,t>0,uEfl 

(p(t, u)x < ip(t, uj)y. 
If S = H then is simply called monotone. 

ii. contractive iff t ^ a;)a; — Lp{t.,uj)y\\H is non-increasing for all x,y E H , u E Q. 



2 Setup and Main Results 

Let 

V C H = H* CV* 
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be a Gelfand triple, i.e. if is a separable Hilbert space and is identified with its dual space 
H* by the Riesz isomorphism i : H ^ H*, y is a reflexive Banach space such that it is 
continuously and densely embedded into H. ■)y denotes the dualization between V and 
its dual space V* . Let A : Mxl/xfi -)■ V* be such that for each a; G fi, A{-, ■,u) -.RxV V* 
is (;B(M) ^B{V), ;B(y*))-measurable. We extend the mapping ^4 by to all of H and assume 
that there are pathwise right- continuous mappings Ci,C2:Mxf2— j-M, c:]Rxf2— )• ]R+\{0} 
and an a G (1, 2) (corresponding to the case of singular equations) such that 

(741) (Hemicontinuity) For all v,vi,V2 E V, t & M. and w G fi, the map 

s V* {A{t, vi + SV2; uj),v)v 

is continuous on M. 
{A2) (Monotonicity) For a\\ Vi,V2 e V,t e e 

2v*{A{t,Vi]u) - A{t,V2]u),Vi - V2)v < C2{t,Uj)\\vi - V2\\]i. 

(A3) (Coercivity) There is a function / : M x ^ M such that /(^w) G Ll^^iM) and 
2v* {A{t, V- u), v)v < C,{t, u)\\v\\l - c{t, u^vW^ + f{t, u), 
for each a; G fi, t G M and v ^ V. 
(AA) (Growth) For each v eV,uj e^l and t G M 

P(f,i;;a;)||^ <Ci(t,u;)||^||^ + C2(t,a;)||^||^ + /(t,a;). 

Remark 2.1. The assumptions needed in I38^ for the unique existence of a probabilistic solu- 
tion to an SPDE of the form flO.Op perturbed by Wiener noise are slightly more restrictive ( at 
least in case of additive noise). If we require in addition that A is progressively measurable, 
c,Ci,C2 are non-random, f is adapted and f G Ll^^{M.] {Q)) then there exists a unique 
variational solution to such an SPDE (cf. Theorem 4-2.4])- 

2.1 Additive noise 

Let (f2, J-", {J-'}tgM,P) be a flltered probability space. We consider singular SPDE perturbed 
by general additive noise, i.e. equations of the form 

(2.2) dXt = A{t, Xt)dt + dNt, 

where Nt is an J^^-adapted valued stochastic process with stationary increments and cadlag 
paths. More precisely, we assume that (fi, J-", P, {^(}tgig) is a metric dynamical system, i.e. 
{t,uj) H-)- 6t{uj) is (,B(]R) J^)-measurable, 6q = id, 9t+s = dt^^s and 9t is P-preserving, for 
all s,t G M and 
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(SI) (Strictly stationary increments) For all t, s G M, w G f2: 

Nt{u) - Nsitu) = Nt-siOsu) - Noi9su). 

{S2) (Regularity) Nt has cadlag paths. 

If A satisfies [Al) — [AA) we will prove the existence and uniqueness of solutions to (12. 2p in 
the following sense 

Definition 2.2. An H-valued {J^t}te[s,oo)- (adapted process {^t}te[s,oo) with cddldg paths in 
H is called a solution of ( 12. 2p if X.{u) G L^^([s, oo); V) ft Lf^^{[s, oo); H) and 

Xt{u) = x+ [ A{t, Xr{uj)) dr + Nt{uj) - N,{uj) 



holds for all t G [s, oo), u E Q. 

We will prove that (12. 2p generates a stochastic fiow by first transforming the SPDE into 
a random PDE and then solving this random PDE for each fixed a; G fi. Let X{t, s;oj)x 
denote a solution to (12. 2p starting in x at time s. Define X{t, s; u)x := X{t, s; uj)x — Nt{u). 
Then 

X{t, s] u)x = X - N^ioj) + a(^, X{r, s; u)x + Nr{u)j dr. 
Thus, we have to solve the following random PDE 
(2.3) Z{t, s;u)x = X + / Ai^{r, Z{r, s;uj)x)dr, 



with A^{r,v) := A{r,v + Nr{uj);uj). We then define the stochastic fiow associated to (I2.2p 
by 

S{t, s] u)x := Z{t, s; u){x — Ns{uj)) + Nt{u), 
so that S{-,s;u) satisfies 

S{t, s;u)x = X + / A{S{r, s;uj)x)dr + Nt{uj) — Ns{u!), 

J s 

for each fixed u E Q and all t > s. Hence S{t, s; uj)x solves (12. 2p in the sense of Definition 

Due to the time-inhomogeneity of the drift A we cannot expect the stochastic fiow to be a 
cocycle in general. If, however, the drift is strictly stationary, i.e. if the time-inhomogeneity 
is only due to the randomness of the drift the cocycle property will be obtained. In this case 
the stochastic fiow induces an RDS associated to (12. 2p . 
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Theorem 2.3 (Generation). Assume {Al)-{AA) and {S1)-{S2). Then, the family of map- 
pings S{t,s;u)x is a continuous stochastic flow in H. In addition, S{t,s;uj)x is cddldg 
in t and right- continuous in s locally uniformly in x. If A is {B{Wj ^ B{V) ® J^,B{V*))- 
measurable then S{t, s; uj)x is a measurable stochastic flow. If A{t, v; u) is strictly stationary, 
i.e. A(t,v;uj) = A{0,v;9tuj) then S{t,s]oo)x is a cocycle and hence (p{t,uj) := S{t,0]u) is a 
continuous RDS. 

As pointed out in the introduction, the variational approach to (S)PDE is based on a reg- 
ularizing property of the drift A. This property is expressed via the coercivity assumption 
{A3), namely 

(2.4) 2y,{A{t, v),v)y < Cr{t)\\v\\l - c{t)\\v\\^ + f{t). 

Starting with an initial condition x E H the second term on the right hand side of ( I2.4p yields 
a control of the solution X{t, s; uj)x in LJ^^(R; L°(f2; V)). In particular s; uj)x G V , dt®¥ 
almost surely. \iV H is compact, we can use this regularizing effect to prove compactness 
of the stochastic flow S{t, s; u)x. Since our argument will be purely based on the regularizing 
effect due to the coercivity assumption, no further restrictions on the drift term have to be 
required. 

{A5) Assume that the embedding V H is compact. 

Theorem 2.4 (Compactness). Assume {A1)-{A5) and {S1)-(S2). Then S{t,s]u)x is a 
compact stochastic flow. 

In order to prove the existence of a random attractor we need to assume a growth condition 
on the paths of the noise. 

(5*3) (Growth) There is a subset C f2 of full P-measure such that ||A'((a;)||y = o(|t|2^) 
for t — )■ — oo and all u G Qq. 

Let denote the system of all families {D(t,u)}teu, uen of sets of subpolynomial growth 
of order (cf. Definition II. 4p and let V'' be the system of all deterministic bounded sets. 
Using comparison Lemmata proven in Section 14.41 we obtain 

Proposition 2.5 (Bounded Absorption). Assume that {Al)-{A4:) with Ci = and c, C2 

independent of time t, f{-,uj) = o{\ ■ \^~^) cddldg in t and that (>5'l)-(iS'3) are satisfied. Then 
there is a right lower-semicontinuous family of sets {F{t,u)}t^K^uj&Q G V" that -absorbs 
the stochastic flow S{t, s] u)x. If f is measurable in u then F is a random closed set. 

Combining bounded absorption and compactness of the stochastic flow we conclude 
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Theorem 2.6 (Existence of Random Attractors). Assume that {A1)-{A5) with Ci = and 
c, C2 independent of time t, f{-,ijj) = o(| ■ |^^) cddldg in t and that {S1)-{S3) are satisfied. 
Then S{t,s;u)x admits a random V^-attractor A°' G "D". If A and f are measurable then 
so is A". 

If A is strictly stationary then there is a strictly stationary T)^ -random attractor Ji' that is 
measurable if A is. 

We will now introduce a method that allows to prove that the random attractor consists of a 
single point if the RDS is monotone, contractive and has an associated weak-* mean ergodic 
Markov semigroup (cf. Definition 12.71 below). 

We denote by B{II) the set of all Borel measurable subsets of H, by Bj,{II) (resp. Cb{II)) 
the Banach space of all bounded, measurable (resp. continuous) functions on H equipped 
with the supremum norm and by Liph{H) the space of all bounded Lipschitz continuous 
functions on H. By A^i we denote the set of all Borel probability measures on H. For a 
semigroup Pt on Bb{H) we define the dual semigroup on JUi by P^fi{B) := Ptlsdfi, 
for B G B{H). A measure fi G Aii is said to be invariant for the semigroup Pt if P^fx = //, 
for all t > 0. For T > and G A^i we define 

and we write Q'^{x, ■) for /i = 6x- Recall 

Definition 2.7. A semigroup Pt is called weak-* mean ergodic if there exists a measure 
fj, E J^i such that 

w-linvr^ooQ^ = 

for all u E Ail where w-lim is the limit with respect to weak convergence on A4.i. 

If an RDS preserves a solid partial order structure on the state space H the strong mixing 
property of the associated Markov semigroup Ptf{x) = E,[f{ip{t, ■)x)] implies the existence 
of a weak random attractor consisting of a single random point (cf. [21]). This result is 
based on the assumption that the cone of nonnegative elements if+ is solid, which is not 
satisfied by the cone of nonnegative functions in spaces. Assuming only the existence 
of upper bounds with respect to we prove that the puUback random attractor consists 
of a single random fixed point if the RDS is contractive and monotone. Moreover, we only 
assume weak-* mean ergodicity of the Markovian semigroup not the strong mixing property. 
We will require 

[H') Assume that there is a cone if+ C H with induced partial order structure "<" and 
that there is a dense subset S ^ H such that 99 is monotone with respect to "<" on 
S. Further assume the existence of upper bounds with respect to "<" on S, i.e. that 
for all x,y E S there is an upper bound z E S satisfying x,y < z. 
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While the cone of nonnegative functions in spaces is not sohd, the existence of upper 
bounds as required in {H') is satisfied by L^. Moreover, for H = {Hq{0))* the existence 
of an upper bound z E H for any two x,y E H is not clear, while it is obvious as soon as 
x,y e HDL^iO). 

Theorem 2.8. Assume {H') and let (p he a contractive RDS on H such that Ptf{x) := 
E/((/j(t, ■)x) is a weak-* mean ergodic Markovian semigroup on Bf,{H). Then for any random 
compact set K{uj) C H 

diam{ip{t,uj)K{uj)) ^ 0, F — a.s. 

fort — 7- oo. /n particular, each invariant random compact set K (i.e. ip{t, u)K{u) = K{6tuj) ) 
consists of a single random point. 

Corollary 2.9. Under the assumption of Theorem \2.8i the semigroup Pt is strongly mixing 
in the sense that for each u E Aii we have P^u ^ /i weakly for t — )■ oo. 

In order to apply Theorem 12.81 to concrete applications we need a criterion for weak-* mean 
ergodicity for singular SPDE. We will use the following assumptions in order to apply a 
result given in [35] : 



{A') Assume that A is independent of {t,u), {Al)-{A5) are satisfied with Ci = and /, c, 
C2 being positive constants and that there exist c > 0, 6 E (0, a) such that 

II II 2 



Virv + \\V2\\V 



for all fi, f2 £ y ■ 
[S') Let Wt = Nthe ck ^-valued Wiener process. 

Corollary 2.10 (Singleton Random Attractors). Assume {A'), {S'), {H'). Then the random 
T>^-attractor obtained in Theorem \2.6\ consists of a single random, fixed point, i.e. 

and Lpt{u)ri{u) = rj{6tOj). 



2.2 Real linear multiplicative noise 

First we need to construct the associated RDS, which again will be defined by first trans- 
forming the SPDE into a random PDE and then solving this random PDE for each fixed 
uo eVL. Let X{t, s] u)x denote a variational solution to (10. ip starting in x at time s. Define 
fit '■= e~^^^ and note that /i^ satisfies 
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where o is the Stratonovich stochastic integral. For X(t, s; u)x := ^tX(t, s; u)x we obtain 

X{t, s]u)x = + I firA{r, fi~^X{r, s;u)x)dr. 

J s 

Thus, we have to solve the following random PDE 

(2.5) Z{t, s;uj)x = X + / A^{r, Z{r, s;uj)x)dr, 



with A^{r,v) := fir{^^)A{r, ij,~^{u)v). We then define the RDS associated to (10. ip by 

S{t, s; bj)x := jM[^{uj)Z{t, s; u){fis{oj)x). 

In the following let (f2, J-", P, Of) be the metric dynamical system associated to two-sided real 
valued Brownian motion (cf. [2]). As in the case of additive noise we obtain 

Theorem 2.11 (Generation). Assume {A1)-{A4). Then, the family of mappings S{t, s]u)x 
is a continuous stochastic flow in H. In addition, S{t,s]u)x is continuous in t and right- 
continuous in s. If A is {B{R)®B(y)^J^, BiV*)) -measurable then S(t, s; uj)x is a measurable 
stochastic flow. If A(t,v;uj) is strictly stationary then S{t,s;u)x is a cocycle and hence 
ip{t,u) := S{t,0;u) is a continuous RDS. 

Theorem 2.12. Assume that A is {B{W) ^ B{V) ^ J-' , B{V*)) -measurable, strictly stationary 
and satisfies {A1)-{A4). Moreover, assume that there is a function A : f2 — )■ M+ \ {0} and a 
< p < 2 such that 

v*{A{t,v;u),v)v < -A(a;)||^;||^. 

Then 

Aico) := {0} 

is forward- absorbing in the sense that for every bounded set B C H , s & W and u E Q there 
is an absorption time to = tQ{\\B\\H, s,uj) such that Lp{t,uj)B C {0} for all t > to- 

// A{t, 0; a;) = for all t E M., u E Q then A is invariant under Lp and thus A is a forward 
attractor for tp. 



3 Applications 

In [301 Lemma 3.1] it has been shown that for each l^- valued process Nt with stationary 
increments and a.s. cadlag paths there is a metric dynamical system (f2, J-", P, {6t}t&M) and 
a version Nt on {fl,J^,F, {Ot}t£R) such that Nt satisfies {S1)-{S2). 

Moreover, for any Levy process Nt with Levy characteristics (m, R, u) (e.g. cf. [371 Corollary 
4.59]) and Jy (||a;||y + lla^Hv^) di'{x) < oo, we have ^ — ±EiVi P-almost surely for \t\ — )■ oo 
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(cf. [301 Lemma 3.2]). In particular ||A'i||v' = for \t\ — t- oo and thus {S3) is satisfied 

for every a G (1,2). By splitting the Levy process Nt into a Levy process with jump 
measure of bounded support and a compound Poisson process as suggested in [10], the 
moment assumptions can be relaxed to Jy {\\x\\v + 1bi{o){x)\\x\\y) dv{x) < oo. In case of 
Levy processes on a Hilbert space Jy lBi(o){x)\\x\\ydh'{x) < cx3 is always satisfied and thus 
only finite first moment has to be assumed. 

We now proceed to concrete examples of SPDE satisfying the assumptions {A1)-{A5) and 
{A'). 

3.1 Generalized Stochastic Singular j9-Laplace Equation 

Let (M, g, v) be a (i-dimensional weighted compact smooth Riemannian manifold equipped 
with Riemannian metric associated measure ^ and dz/(x) := a{x)dfi{x) with a being a 
smooth, positive function on M. Further, let a G (1 V 2) and V := Wo'"(M, u) C H := 
L^[M,i/). By the assumption on a, the embedding V H is well-defined and compact. 
We denote the inner product on T^M given by the Riemannian metric g by (-, ■)rc and the 
associated norm by | ■ l^,. Let Nt be a ^-valued process satisfying (S'1)-(S'3) on the metric 
dynamical system {J^t}tmy {^'tjteR, P)- Consider the singular p-Laplace equation 

(3.6) dXt = {div,{(^{x, VXt, u)) + G{Xt, u) + g{t, u)) dt + dNt{u), 

where $ : M x TM x Q ^ TM is measurable, <I>(x, ■, u) : T^M — )■ T^M is continuous and 

mx,^,Lu)-^x,i,uj),^-i),<0 

mx,^,u),o.<c{um: + f{u) 

Mx,C,uj)\f' <C2{ojm: + f{u), WxeM, ^,ieT,M, uen, 

with / : r2 — M being measurable, G : M x — )■ M is measurable with 

\G{t,uj)-G{s,u)\ <C2{u)\t-s\ 

\G{t,u)\^^ < C2(u;)(l + |t|^), Vt,s G M, toe n, 

for some g G (1, a) and g : W x Q H is measurable, cadlag in t. As an explicit example 
for an admissible reaction term one may consider G{r) = -^^r^- 

The singular p-Laplace operator then maps V x^ ^V* hy 

A{y^iS){vS) = — \ {^{x^Vv^iij\Vw)xdv{x\ v^w a; G f2. 

JM 

We obtain 
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Example 3.1 (Generalized Stochastic Singular jo-Laplace Equation). There is an associated 
compact stochastic flow S{t,s;u)x to (13. 6p . If g{-,u) = o(| ■ l^^) then there is a measurable, 
random V^-attractor G 

If g = then S{t, s; u)x is a cocycle and there is a measurable, strictly stationary random 
V^-attractor A^. 

If M C is an open, bounded set, u = dx, $(0 = li^l""^^? is a V -valued Wiener 
process and G,g = 0, then the random attractor A^ consists of a single random fixed point, 
I.e. A\oj) = {?7(a;)}. 

In case of real linear multiplicative noise 

dXt = divy{^{x, yXt))dt + jjiXt o d[3t, 

the deterministic set A{u:) = {0} forward absorbs all bounded deterministic sets and is 
invariant. 

Proof. The proof of the properties {A1)-{A4) proceeds as in [38]. (^5) is satisfied by Sobolev 
embeddings and the assumption on a. 

In case of the standard nonlinearity $(x, ^) = G = we can check [A') as in [351 

Proposition 3.2] with 6 = 2 — a < a. By monotonicity of A, tp is contractive on H. 

For simplicity we now restrict to the case of open, bounded domains M C M'^, $(.^) = 
Nt being a Wiener process in V and G,g = 0. In order to verify {H') we set S = H = L'^{M) 
and X < y for x,y & H iS x{^) < y(^) for almost all ^ G M. Existence of upper bounds is 
obvious. It remains to prove monotonicity of (f. We consider a non-singular approximation 

-(2-c.) 

of the nonhnearity $(0 := 1^1""^^ given by $^(0 = (|^P + ' Then 

and as a composition of smooth functions, is a smooth function. Let {e„}„gN ^ C°°(M) fl 
Hq{M) be an orthonormal basis of H, := span{ei, e„} and Vn be the best-approximation 
by elements in Hn weighted by || ■ ||y, i.e. 

— x||y= inf ||t> — \/x EV. 

v£Hn 

Then llPn^^llv < C*||2;||y and P„x — )■ x in 1/ for n — oo and x E V (cf. [29]). Define 
A^" := VnNf. For initial conditions x G C^(M) classical results (cf. e.g. [32]) imply the 
existence of a classical solution Z^'" to 

dZf " = div ($^(V(Zi"'" + NJ"))) dt. 
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Since is different iable we can apply the comparison result given in [33| Theorem 9.7] to 
obtain Z^'"''^ < Z^'"''^ on [0, T] x M for any two initial conditions x < y with x,y ^ C'^{M). 
Note 

\\A{x)- A'{x)\\v* = sup / {<^{Vx)-^'{Vx))-S/vd^<Ce'^. 

\\v\\v=lJo 

Since the operators satisfy uniform coercivity and growth conditions an application of 
Proposition 15.11 yields Z^'" — in C([0,T]; H) for e — )■ 0. By dominated convergence we 
have A^."(a;) N.{uj) in L"([0,T]; V) for each uj e Vt. This implies Z"" ^ Z in C([0,T]; H). 
Since " < " is closed with respect to the if-norm, we obtain 

< , for all t e [0, T] and a.e. in M, 

for initial conditions x < y, x,y ^ C^{M). By continuity in the initial condition this extends 
to all X < y, x,y E H. □ 

3.2 Generalized Stochastic Fast Diffusion Equation 

Let {E, B, m) be a finite measure space with countably generated a-algebra B and let 
{L,V{L)) be a negative-definite, self-adjoint, strictly coercive (i.e. {~Lv,v)L2(^rn) > '^Il'^lli2(m)) 
operator on L'^{m). Define T>[£) := V{\/—L) and £{u,v) := {\/—Lu, \/—Lv), for u,v G 
V{£), where we have set m{fg) := J^^fg dm, for fg e L^{m), {f,g) := {f,g)L\m) and 
11/11 := ll/l|L2(m)- Then {D{£),£) is a Hilbert space. 

Let $ : M X -)■ M be measurable such that $(0,a;) = 0, G C(M) and 

($(r, a;) - $(s,a;))(r - s) > 
(3.7) $(r,a;)r > c(a;)|r|° - /(tj) 

|*(r,w)|^ < C2(w)|rr + /(a;), VtJ G s < r, 

for some aG(l,2),c:r2— T-My {0}, C2 : — M and f : Q ^ K. measurable. In particular, 
the standard nonlinearity $(r) := |r|"~^r is included in our general framework. We assume 

(L) The embedding "D^E) C L"^{m) is compact and dense. 

This yields the Gelfand triple 

V := L'^{m) CH:= D{£)* C V*. 

Example 3.2. Let 
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i. E be a smooth, compact Riemannian d-dimensional manifold, a G (1 V ^^,2) and L 
he the Friedrichs extension of a symmetric, uniformly elliptic operator of second order 
on LF'im) with Dirichlet boundary conditions. For example, let L be the Dirichlet 
Laplacian on E. 

E CI be an open, bounded domain, L := (— A)'^ with its standard domain and 

/3ef (^,i)n(0,i]. 

Then {L) is satisfied. 

Let g -.W X Q ^ H he measurable with cadlag paths and g{t,u) = o{\t\^^) for t — )■ — oo. 

Example 3.3 (Generalized Stochastic Fast Diffusion Equation). The compact stochastic 
flow S(t, s; u)x associated to the stochastic fast diffusion equation 

(3.8) dXt = (L^iXt) + git)) dt + dNt, 

with N satisfying (5'l)-(iS'3) has a measurable random V^-attractor A"' G V". 

If g = then S{t, s; u)x is a cocycle and there is a measurable, strictly stationary random 
V^-attractor 

If E CM.'^ is an open, bounded set, L = A, $(r) = |r|"^^r, g = and N is a Wiener process 
in V then A^ is a single random point. 

For real linear multiplicative noise 

dXt = L(^{Xt)dt + iiXt o dPt, 

and nonlinearites $ satisfying (13. 7p with f = 0, A:= {0} is invariant and forward absorbs 
all bounded sets B C H. 

Proof. The properties (Al)-(A4) can be proven as in [3H], [A') with 5 = 2 — a as in [35] . 
{A5) is satisfied by assumption and monotonicity of A implies contractivity of S{t, s; uj)x. 

For simplicity we now restrict to the case of ^ C M'^ being an open, bounded set. Let 
L = A, $(r) = |r|"~^r and be a Wiener process in V . Set S = V and define if+ O H to 
be the closed, convex cone of all nonnegative distributions in H with induced partial order 
structure "<" on H. For elements x,y & V CI H we have x < y iS x{^) < y{^) for almost 
all ^ G O. Existence of upper bounds in S is obvious. It remains to prove monotonicity of 
(p. For this we consider a smooth approximation of the nonlinearity $(r) = [rl'^'^r given by 
$e(r) = (|r|2 + 5)'^r. Then |$(r) -$^(r)| < 26^^. Let {e„}„6N ^ C'^{M)nH^{M) be an 
orthonormal basis of H, Hn '■= spanjci, ...,e„}, Vn be the best-approximation by elements 
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in Hn weighted by || ■ ||y (cf. Example 13. ip and A^" := VnNt- By classical existence results 
for uniformly parabolic quasilinear PDE (cf. [32]), the approximating equation 

has a unique classical solution for initial conditions in C'^{E). By classical comparison results 
Theorem 9.7] for two such initial conditions x < y, x,y E C'^{E) we obtain 



We conclude the proof as in Example 13.11 □ 



4 Proofs 



4.1 Stochastic flows and RDS 



First, we prove some properties of f2-limit sets of asymptotically compact stochastic flows. 
Similar results have been obtained in |14] . 

Lemma 4.1. Let S{t,s;u) be a continuous stochastic flow. 



(i) Assume that S{t,s]u) is V- asymptotically compact. Then 

n{D, t; u) C K{t, u) n n{K, t] uj) 

is a compact, invariant set for all D E V , t E M, u E Qq, where Qq is as in Definition 
\1.5\ and Q{D, t; u) attracts D. 

(a) If S{t, s;u)x is a cocycle and D is strictly stationary, then Q{D,t;oj) is strictly sta- 
tionary. 

(Hi) If {D{t,u)}t^M., uiGQ. is a right lower-semicontinuous random closed set, s i— >■ S{t, s;uj)x 
is right- continuous locally uniformly in x and S{t, s; u:)x is measurable, then Q{D, t; u) 
is a random closed set. 



Proof, (i): Since S(t,s;u)x is P-asymptotically compact, there is a P-attracting com- 
pact set K on some subset f2o C f2 of full P-measure. Since K is "D-attracting we know 
d{S{t, s] u)D{s, u), K{t, uj)) — 7- for s — 7- — oo for all u G Qq, t eM.. Hence, 



d [j S{t, t; u)D{t, u), Kit, uj)\^Q 

\T<r / 
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for r —7- — oo and thus d{Q{D, t; u), K(t, u)) = 0, i.e. Q{D, t; u) C K(t, u). 

Next, we prove invariance of Q{D,t;u). Let x G Q{D,s;u). There are sequences s„ — )■ 
— oo, Xn G D{sn,oo) such that S{s, Sn',uj)xn X. By the flow property S{t, Sn] u)xn = 
S{t, s; u)S{s, Sn', (jj)xn -t- S{t, s] u)x G Q{D, t; u). 

Let now z G Q{D,t;u), i.e. S'(t, s„; — 2; for some s„ — )■ —00 and x„ G D{sn,u). 

By D-asymptotic compactness of S{t,s;u)x there is a subsequence S'(s, s„p — x 3 

s; cj). Hence, S{t, s; uj)x = hm;_^oo S{t, s; u)S{s, s„,; u)xni = z. 

Invariance of Q{D,t;uj) together with Q{D,t]u) C K{t,uj) then yields 

n{D, t] uj) C VL{K, t] u) n K {t, u). 

Assume fl{D, t; u) does not attract D. Then there are t E M, e > 0, u E and sequences 
Sn — —00, Xn G D{sn, uj) such that d{S{t, Sn] (jj)xn, Q{D, t] uj)) > 6. By asymptotic compact- 
ness we can choose a convergent subsequence S{t, Sm', uj)xni — )■ x 9 Q{D, t; uj) which leads to 
a contradiction. 

(ii): To prove strict stationarity of Q{D,t;uj) we note 
n{D, t;u) = f][j S{t, t; uj)D{t, = p| |J 5(0, t - t; 9tUj)D{T - t, Otu) = n{D, 0; 9tu) 

r<tT<r r<tT<r 



(iii): Q{D, t; u) is a countable intersection of sets of the form |jT<r ^i^^ ^)D{t, uj). Hence, 
it is enough to prove measurability of a; t-j- c? (x, |JT<r '^(^^ '^)) all r < t, x G i^. 
Let Tn i T. By right lower-semicontinuity of D{-,uj) for each y G D{t,uj) there is a sequence 
y„ G D{Tn,uj) such that y„ — )■ Local uniform continuity of r i-t- S(t,T;u)x thus yields 
S{t, Tn] uj)yn S{t, r; w)?/. Hence 

limsup d (x, S'(t, t„; uj)D{Tn, uj)) < d (x, S(t, t; u)D{t, u)) 

and thus 

(-)■ d j X, S(t, r; uj)D{t, uj) j = inf (x, S{t, r; uj)D{t, u)) 

\ T<r / 

= inf (i (x, S'(t, r; a;)i5(r, cj)) . 

T<r, t£Q 

Therefore it is enough to prove measurability of u d{x, S(t,T;u)D{T,u)) for all r < t 
which is satisfied by measurability of S{t, r; ■)x and D{t, ■) and by separability of H. □ 

Proof of Theorem M.^ By Lemma l4.ll we know A{t.,uj) C K{t,uj) fl Q{K,t]u) for all a; G 
1^0, t G M. In particular, A is compact. Since f2(D,t;a;) C A{t,uj) for all u; G f2o and 
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Q[D, t; u) is D attracting, A is D-attracting. Compactness of UDeo ^(-^5 ^) invariance 
of fl{D, t; uj)x yield invariance of A. 

Let now s H- S{t, s; u)x be right- continuous locally uniformly in x, S{t, s; u)x be measurable 
and (i) be satisfied. Then, by Lemma [4. II 



Ait,u)= [j n{Do,t; 



Do&Vo 

is the closure of a countable union of random closed sets. Hence, .4. is a random closed set. 
If (ii) holds, then Q{K,t]Uj) C A{t,u) and thus 

A{t,uj) = n{K,t;u), 

for all u E Qq, which is a closed random set by Lemma [4.11 □ 



4.2 Generation of an RDS (Theorem ES]) 

As outlined in Section |2] we construct the stochastic flow associated to (12. 2p by proving the 
unique existence of a solution to the transformed equation fl2.3p via the variational approach 
to (S)PDE as given in [3H]. To do so we check the assumptions {H1)-{H4) in [3H] for v). 
For the ease of notation we suppress the a;- dependency of the coefficients occurring in the 
following calculations. (HI), {H2) immediately follow from (Al), {A2). 

{H3): For v e V , u e n and t E R: 

2v* {A^{t, v), v)v = 2y. {A {t, v + Nt),v + Nt)v - 2y. {A {t, v + N^) , Nt)v 
(4.9) < C,it)\\v + N,\\j,- cit)\\v + iV,||- + fit) 

+ 2\\A{t,v + Nt) Wv^WNtWv 

Using Young's inequality for all ei > and some C^j we obtain 

2\\A (t, V + Nt) \\v4Nt\\v < ei\\A (t, v + Nt) ||^ + QJ|iVi||^ 

< s,C\it)\\v + NtWj, + e,C2mv + NtW^ + ej{t) + C,J|iVi||^, 

Using this in (14. 9 p yields 

2v^ {A^{t, v),v)v < Ci(t)(l + e,)\\v + N^Wl - (c(t) - e^C^mi^ + Nt\\v + (1 + 
+ CeJ|iVd|y- 



Using 

^\v+N,{u)ry>2'~'^\\v\\^-\mu)\\'^ 
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we obtain (for ei small enough): 

+ (C, + c{t) - e,C2m\Ntn + 2C^iW(l + ei)\m\v 

which yields 

(4.10) 2v^{A^{t,v),v)y<Cr{t)\\v\\l-m\Hv + ht)^ 

with 

~f{t) := (1 + e,)f{t) + (C,, + c{t) - E.C^mNtWv + 2C^i(t)(l + er)\m\]j. 



By right-continuity of N.{u) and by choosing ei small enough we obtain {H3) for each 
compact interval [S, T] C M. 

{HA): For v e V , u e n and t E R: 

\\A^{t,v)\\^'g=\\A{t,v + N,)\\^' 
(4.11) < Ci(t)||t; + NtWl + C2(t)||t; + iVt||^ + /(t) 

<C'i(t)||r;||^ + C'2(t)||^||^ + /(t), 

with Ci{t) := 2Ci(t),(72(t) = 2"-iC2(t) and 

fit) := fit) + 2C,it)\\N,\\l + 2^~'C,it)\\N,\\^. 

Hence (-f^l) — iHA) are satisfied for A^ and by ^8] Theorem 4.2.4] we obtain the unique 
existence of a solution 

Z(-, s; u)x G LZ^ils, oo)-V)n C([s, oo); H) 
to (12. 3p for all s G M, a; G fi, X G -ff. By uniqueness for (12. 3p we have the flow property 

Zit, s; u)x = Zit, r; a;)Z(r, s; u)x. 

which implies that 

Sit, s; u)x := Zit, s; u)ix - Nsiu)) + Ntiu) 
defines a stochastic flow. 

The continuity of 1 1— )■ Z(t, s; u)x is contained in [381 Theorem 4.2.4]. Since Ntiu) is cadlag 
in t this implies that 1 1— )■ Sit, s; uj)x is cadlag. Monotonicity of A^ implies 

\\Zit, s; u;)x - Zit, s; u)y\\j, < e/='^^M*'||x - y\\l. 
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Thus X I— Z(t, s; oj)x is continuous, uniformly in t, s on bounded sets. Moreover, 

\\Z{t, Si, Uj)x - Z{t, 82] Uj)x\\h = \\Z{t, 32] io)Z{s2, Si, u)x - Z{t, 82] (^)x\\h 

< '^2^'"^*'||Z(s2, si; u)x - x\\h, Vsi < S2, 

which imphes right-continuity of s i— )• Z{t, s; u)x and thus of s H- S{t, s; u)x locally uniformly 
in t and x. 

Let now A be (i3(M) (g) B{V) ® J^, i3(y*))-measurable. Then measurability of Z{t, s; u)x and 
S{t, s; u)x follows as in [301 Theorem 1.1]. 

Assume that A{t, v; u) is strictly stationary. We note 
Z{t, s;u)x = X + / A{r, Z{r, s;u)x + Nr{uj),uj)dr 

J s 

pt—s 

= x+ A{r,Z{r + s,s;u)x + Ns{u) - NoiOsUj) + Nr{9sUj),9sCo)dr. 
Jo 

By uniqueness for (12.31) we have 

Z{t, s; u)x + Ns{u) - No{9sU}) = Z{t - s, 0; esUj){x + Ns{uj) - No{9su)). 

Hence 

S{t, s; u)x = Z{t, s; uj){x - Ns{u)) + Nt{u) 



Z{t -s,0 
Z{t- .3,0 
S{t-s,0 



9suj){x - No{9sUj)) + Nt{u) - Ns{uj) + iVo(M 

9,uj){x - No{9,u)) + Nt.s{9suj) 

9.,uj)x, 



i.e. S{t, s; u)x is a cocycle. 



4.3 Compactness of the stochastic flow (Theorem 12.41) 

Proof. We will first show compactness of Z(t, s; oj)x. Let oj E Q, B C H bounded, s < t 
and Zn G Z{t, s; u)B, i.e. Zn = Z(t, s; u)bn for some sequence 6„ G B. We need to prove the 
existence of a convergent subsequence of Zn- First note that by (14.101) 

\\Z{t,s;uj)bn\\H < \\bn\\H + / Ci (r) || Z(r, s; 6„ || ^dr 

J s 

ft ^ 

c{r)\\Z{r,s;u)bn\\vdr + / f{r)dr, 
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where for notational convenience we do not explicitly write the w-dependency of the coeffi- 
cients. Since c(r) > is right-continuous there is a C > such that 



f \\Z{r,s;u)bJ'^dr <C. 

J s 



By definition Z{-,s]u)bn satisfies 

Z{r,s]u)bn = bn+ I A^{T,Z{T,s;uj)bn)dT, 



as an equation in V* for all r > s. Thus ^Z{r, s; cu)bn exists in V* (cf. 
p. 104]) and satisfies 

—Z{r, s; uj)bn = A^{r, Z{r, s; io)b„), 
ar 

for almost all r G [s, oo). For some constant C > we obtain 



Theorem 1.6. 



-^Z{r,s;u)bn 
ar 



dr 



\A^{r, Z{r, s;uj)bn)\\v*^ dr 



< j C,ir)\\Zir,s;u)bn\\jj + C2ir)\\Zir,s;u)b4^ + f{r)dr 

< [ f{r)dr + C < oo, 



where the right hand side is independent of n. Thus {Z{-, s; a;)6.„} is bounded in the space 

d 



W=\ve V), -V e L—^i[s,t]; V* 



I'^llvK = ||l^||L'»([s,t];y) + 



dr 



{[s,t];V*) 



By |171 Theorem 2.1] W C L"([s,t];if) is compact. Hence {Z {■ , s; u)bn} is precompact 
in L"([s,t];if) and we can choose a subsequence of f)„ (again denoted by f)„) and a G 
L°([s,t]; H) such that 

Z{-,s;u)bn Zo, 

in L°'{[s,t]; H). Hence, by choosing a further subsequence of 6„ (denoting it by 6„ again) we 
obtain 

Z{r,s;uj)bn Zo{r), 
in H, for almost every r G [s,t]. Choose one such r G [s,t]. Then 

Z(t, s; u)bn = Z{t, r; oj)Z{r, s; w)6„ -> Z(t, r; u)Zo{r). 

We have found the required convergent subsequence of Z{t, s; u)bn- Compactness of Z{t, s; uj)x 
implies compactness of S{t, s; u)x. □ 
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4.4 Comparison and a priori bounds 



We present a comparison result and a priori bounds for certain ordinary differential equations 
that are the foundation of the proof of bounded absorption (Proposition 12. 5p . 

Lemma 4.2 (Comparison Lemma). Let 0<l3<l,s<t,q>0,h^ L^{[s,t]) nonnegative 
and V : [s,t] — M_|_ be an absolutely continuous subsolution of 

(4.12) y'{r) = -h{r)y{rf, rG[s,t], 
with y{s) = q, i.e. for almost every r G [s,t] 

(4.13) v'{r) < -h{r)v{rf 
and v{s) < q. Then 

v{r) < (^q^-(^ - (1 - /3) ^ h{T)dT V 0^ , 

for all r G [s, t]. 

Proof. First note that since h{r) > 0, f l4.12p is a monotone equation for y{r) > and thus 

y{r):= ( g^^^ - (1 - /3) /" /i(r)(ir V 



1 

1-^ 



is the unique absolutely continuous nonnegative solution of fl4.12p . Let e > and y^(r) be 
the unique nonnegative solution to (14.121) with y'^{s) = q + e > 0. Define w'^it) := y'^{t) — v{t) 
and 

:= inf{r G [s, t] \ w%r) < 0} A f = inf{r G [s, t] \ y%r) < v{r)} A t. 

Since y'^{s) = q + e > q > v{.s) and y^,v are continuous, we have r"^ > s. If = t then 
nothing has to be shown. Thus suppose < t. 
Case 1: v{t^) = 

By fl4.13p v{-) is decreasing, hence v{r) = < y'^{r) for all r G [t^,^]. Since also v{r) < y^{r) 
for r G [s, r^) this implies 

v{r) < y^{r), W G [s,t]. 

Case 2: v{r') > 

Since v{-) is decreasing this implies the existence of a 5 > such that v{r) > S > for 
r G [s,T^]. By definition of r^, t'(r) < ?/^(r) on [s,t^). By the mean value theorem we 
further have 

(w^y (r) > h{r) {-y%rf + v{rf) = -h{r)l3C^-'w%r), 
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for almost every r G [s,t\. We observe ^l! ^ < 5^ ^ for all r G [s,t^]. Using Gronwall's 
inequality for absolutely continuous functions (cf. [IHl p. 90]) 

w%r) > £e-^'^''"'/>M'^", for all r G [s,t']. 

H6I1C6 

in contradiction to w'^{t'^) < 0, by continuity and definition of r^. 

Hence, the second case does not occur and we conclude v{r) < y^{r), Vr G [s,t]. Since this 
is true for all e > we obtain v{r) < y{r), Vr G [s,t]. □ 

Lemma 4.3 (A-priori bound). Let 0<l3<l,0<h, p: R^R cadlag, g : M — )■ M+ and 

for each s let v{-, s) : [s, oo) — )• be an absolutely continuous subsolution of 

(4.14) i/'(r, s) = —h y{r, s)'^ + p{r), r > s 

13 1 

with y{s, s) = q{s). We assume that p{s) = o{\s\ i-/^ ) and q{s) = o{\s\ ^-i^ ) for s — )■ — oo, i.e. 
for each e > there are Sp{e), Sq{e) such that 

\p{s)\ < e\s\^~f^ , for all s < Sp{e), 
q{.s) < e\s\^ , for all s < Sg{e). 

Then for each t G R, there is an sq = so{t, Sq, h) E R and R = R{t,p, Sp, h) > such that 
for all s < So 

v{t, s) < R{t,p, Sp, h) 
and R{t,p, Sp, h) = o{\t\^) for t — )■ —oo. 

Proof. Without loss of generality we assume p{r) > 5 > (otherwise redefine p{r) := 
p{r) V 5). By scaling time by \ we can assume h = 1. 

Let t G M, A{s) := {r G | \v{r, sY < p{r)} and a{s) = sup A(s) V s. We first show that 
there exists an sq = So{t,p, h) < t such that A{s) ^ for all s < .Sq. Let s < t such that 
A{s) = 0, i.e. ^v{r, s)^ > p{r), for all r G [s, t]. Hence, for almost every r G [s, t] 

v'{r, s) < — f (r, s)^ + p{r) < — -f (r, s)^ . 

By Lemma [4.21 

(4.15) < {2p{t)) ^ < v{t, s) < (qisy~^ - - s) V 
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For e := ^^-^ by assumption there exists an Sq = Sq{e) < such that q{sy ^ < — (^^) s, 
for all s < Sq. Hence 



1 , ,1 



for s < Sq A 2t. Since also fl4.15p holds, we conclude s > sq := Sq A2t. Hence, for s < sq we 
have A{s) ^ 0. 

Next we prove that there exists an a\ = ai{t, Sp, h) < t such that Oi < a(s) for all s < Sq. 
Let s < So, thus A{s) ^ 0. If a(s) = t then nothing is to show, thus suppose a(s) < t. By- 
definition of a(s) and right-continuity of f , jo we have 

Arguing as above we obtain 



< {2p{t))T^ < v{t, s) < ( v{{a{s),sY~^ - ^-—^{t - a(s)) V 



1 

1-/3 



1-/3 



Since w is continuous and p cadlag we have t'(a(s), s) < (2p(a(s)— )) . For5:= (^^) 

1-/3 /I \ ^1-B\ 

by assumption there exists an Sp = Sp{e) < such that p{s) f < — (2) (4^) 



s < Sp. Hence 



11 1 



Ms)-' - - V 0) < (i^) (^f - < V 0) ^ 0, 

if a{s) < Sp A 2t. Thus, we conclude ai := Sp At A2t < a{s) for all s < Sq. 
Since on [a(s),t] we have ^v{r, s)^ > p(r), we conclude for almost every r G [a(s),t] 

v'{t, s) < -t;(r, s)'^ + p(r) < 0. 

Hence 

v{t,s) < v{a{s),s) < {2p{a{s)-)y < sup {2p{r)y =: R{t,p,h), 

re[ai-l,t] 

for all s < Sq. □ 

4.5 Bounded absorption (Proposition 12.51) 

Proof. We prove "D^-bounded absorption for Z(t, s; By fl4.10p we obtain 

2 V' {Au.it, v),v)v < -cWvW^ + fit), 
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with c > and for some C > 

m ■.= cif{t) + \\Nrv). 

By the chain-rule 

d 

— \\Z{t,s;u)x\\H = 2 V* {^iuit, Z{t, s; u)x) , Z (t, s; uj)x)vdr 
<-ci\\Z{t,s;u)x\\l)'^ + fXt), 

1 ~ a /9 

for almost all t G [s,oo). Since ||A'"r||y = o(|r|2-<i) we know /(r) = o(|r|2-Q) = odrli-") for 
r — oo and /3 := | for all u G Qq. Let D G and G Ds{u)). We apply Lemma 

SJwith := s; ix')Xjj(ix') lll^, p(r) : — f{f)i Qi-^) ■ — l-^sl*^)!^? which is possible since 

q{s) = o{\s\^). Hence, for all t G M, a; G Qq there is an absorption time sq = so{t,D,u) 
and an R = R{t,u) such that 

\\Z{t,s;u)xs{uj)\\l < R{t,uj), 
for all s < Sq. Since Sq only depends on q{s) := this implies 

\\Z{t,s;u)D,{uj)\\l < R{t,uj), 
for all s < So, i.e. ©"-absorption for Z(t, s; oj). This implies 

\\S{t, s; u)Ds{u)\\h = \\Z{t, s; oo) - Ns{u)) + Nt{u)\\H 

< \\Zit, s; u) (D^iu) - N,iu)) \\h + \mu) \\h 



< ^/Rit,Lo) + \\Nticu)\\H =: R{t,u), 
for all s < So, i.e. D^^-absorption for S{t, s; u) by the family of bounded sets 



F{t,oj) :-- 



B{0,R{t,uj)) , ueQo 
{0} , otherwise. 



The set F is measurable iff w h-)- R(t, u) is measurable for each t G M. By the proof of 
Lemma [4.31 we have 

— / ~ \i 

R{t,u) = sup (2/(r, w) 



r£[ai{t,Lu)-l,t] 
1-/9 



with ai{t,u) = SpAt A2t and Sp = Sp ^(i) " Note 



1 — p 

\v(r)\~^ 

Sp{e) = inf{s G M+| sup ^^--^ < e}. 



\r\>s 
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To prove measurability of Sp{e) for p = f we note 

Measurability of / thus implies measurability of Sp{e). By right-continuity and measurability 
of / the map 

{s,u) ^ sup (2f{r,u))^ 

r&[s,t] ^ ' 

is measurable in lo and right-continuous in s. Hence, u) is measurable. 

Right lower-semicontinuity of F is equivalent to limsup^^o^ -R(t„, > R{t,u) for each 
sequence tn it which follows from right-continuity of /(■, and ai = Sp At A 2t. 

By Lemma |4]3] = o{\t\^) and thus R{t,u) = o{\t\^) for t -oo and u E ^Iq. 
This implies F G P". □ 



4.6 Existence of random attractors (Theorem 12.61) 



Proof of Theorem \2.6\ : We prove compact absorption for S{t,s;u!). Let t G M and w G fi. 
By Proposition 12.51 we know that there is a absorbing set {F{t,u)}t£R, cj^q G V^. Let 



u) := S{t, t - 1; u)F{t - 1, w). 

Since ^(t, s;a;) is a compact flow, K{t,u) is compact. Using (14.101) . /(t) = o{\t\2^) and 
(5*3) we observe K G P". Furthermore K{t,u) is "D"- absorbing: 

S'(f, s; u;)D{s, uj) = S{t, t — 1; uj)S(t — 1, s; u) 
C t - 1; uj)F{t -l,uj)C K{t, u), 

for s < Sq and G Qq. By Theorem 11.81 this yields the existence of a random P°-attractor 
for s; a;)2: with a;) C K{t, u) for alH G M, a; G Qq. In particular, G "D". 

If y4 is measurable then S{t, s; u)x is a measurable stochastic flow. Since s (-> s; a;)x 
is continuous locally uniformly in t and x, right lower-semicontinuity of F implies right 
lower-semicontinuity for K. Hence, by Theorem 11.81 ^" is a random closed set. 

Now assume A to be strictly stationary. Then S(t, s; u)x is a cocycle. The system of all 
bounded deterministic sets satisfies condition (i) in Theorem II. 8[ Hence, there is a 
measurable, strictly stationary random P''-attractor A''. □ 
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4.7 Singleton Random Attractors (Theorem 12.81) 

The following Lemma is closely related to [211 Proposition 1] 

Lemma 4.4. Let V be a Banach space with cone V+ and B G B{V). Let X, Y be (i3(M+) ® 
J^,B{B)) -measurable B-valued processes such that Xt > Yt ¥-almost surely. Assume that 
7^ C{Xt)dt /i and ^ C(Yt)dt jj, weakly in M.i{B) where is a probability measure 
on B. Then 



for T — 7- oo and all 6 > 0. If in addition \\Xt — Yt\\v is non-increasing then Xt — Yt ^ 
¥-almost surely. 

Proof. We can assume B = V hj extending yu by to all of V. Let I E he a. strictly 
positive linear functional, i.e. l{v) > for f G V+ \ {0}. We first prove 



^ Jo 

for T — )■ oo and for all 6 > 0. It is sufficient to prove this in the case = 1. Since 

^ C{Xt)dt, ^ C{Yt)dt are weakly convergent, by Prokhorov's Theorem for each e > 
there is an A'g > such that 



for all N>Ne and all T > 0. Since l{Xt) < \\Xt\\v we have F[l{Xt) < N] > F[\\Xt\\v < N]. 






Let 




r , for |r| < 

sgn{r)N , for |r| > A^. 
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We observe 

^ fmXt - Yt) > 6]dt = i fmXt) - l{Yt) > 6]dt 
J- Jo J- Jo 



i / ¥[l{Xt) - l{Yt) > S, l{Xt) V l{Yt) < N]dt 
^ Jo 



T 



F[l{Xt) - l{Yt) > 5, l{Xt) V l{Yt) > N]dt 



< ^ ^ FIFn o l{Xt) - o l{Yt) > S, l{Xt) V l{Yt) < N]dt 



T 



T 



F[l{Xt) > N]dt 



T 



F[l{Yt) > N]dt 



^E[FNol{Xt)]dt-^ ^E[FNol(Yt)]dt + 2e<3e, 



for N > N;; and all T By Prokhorov's Theorem for any e > we can choose a compact 

set C V such that 



^ / ¥[Xt e Ke and Yt E K,]dt > 1 - e, 



for all T > 0. Let A' = K, - K,] nV+. Then 



T 



- / F[Xt - Yt e K,]dt >l-e, 
J Jo 

for all T > 0. Hence, (cf. [211 Lemma 1]) there exists a strictly positive linear functional 
/ e V* such that 



^ £ F[\\Xt - YtWv > S]dt < ^ l\ 



'0 ~'0 

for all T>T,. 

Let now — Fjy be non- increasing. We have 

fT 

T 



i + C^^d{Xt-Yt)>6 



dt + e < 2£, 



i / F[\\Xt-Yt\\v>S]dt^O 



for T — 7- oo and all 5 > 0. Let 6 > 0. Then there is a sequence T„ — )■ oo such that 
P[||Xt„ — > 5] — )■ 0. Since \\Xt — Yt\\v is non-increasing this implies Xt — Yt ^ in 

probability and for the same reason P-almost surely. □ 
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Proof of Theorem \2.^ Let e > 0. Since K{uj) is a random compact set, we can find a 
deterministic compact set such that 

by [231 Proposition 2.15]. By compactness of iv^ and density of S C H there is a finite e-net 
i^i, Kisf G for (not necessarily Ki G i^e). Since ip is contractive we have 

\\(p{t,u)x - (p{t,u)y\\H < \\x - vWh, 

for all t G M+, G ^2 and x,y E H. This implies that u)Ki, (fi{t, uj)Kj~^ is an e-net for 
^p{t, uj)Ki,. By the existence of upper bounds in 5, there is an upper bound K E S satisfying 
K > KiioT alii = 1, ...,N. Monotonicity of the RDS <^ on S' yields (p{t,oj)K > Lp{t,u})Ki. By 
weak-* mean ergodicity of the associated Markovian semigroup and Lemma 14.41 this implies 
ip(t,u)K — ip(t,u)Ki —J- P-almost surely. Hence, for a. a. u E fl there is a te,u] such that 
\\ip(t,u)K{u) — ip{t,u)Ki{u)\\ < e for all t > te^u, i = l,-.-, A^. We conclude 

diam(y?(t, (jj)Ke) = sup{\\ip{t, uj)a — (p(t, uj)b\\H\ a,b E K^} 

< snp{\\(p{t,u)Ki - ip{t,uj)Kj\\H\ ij = 1, ...,A^} + 2e 
<4£, 

for all t > te^uj, i-e. dia.m{ip{t,u)K^) — )■ almost surely. For any 5 > we conclude 

F[diam{<p{t,uj)K{uj)) > 6] < e + P[diam((^(t, a;)/^^) > S] < 2e, 

for all t > t^, i.e. diam{if(t, u)K{u)) — >■ in probability. By contractivity of (p, diam(</?(t, oj)K{i 
is non-increasing. This implies diam{(f{t,u)K{oj)) P-almost surely. □ 



Proof of Corollary \2.9i It is sufficient to consider u = 6^ ioi x E H. Let x E H, f : H ^ 
Lipschitz. Then 



Eficp{t,-)x)-fi^{t,-)y)dM 



H 



\Ptf{x)-ii{f)\ 



< / nf{ip{t,-)x)- f{vitr)y)W{y) 

J H 

<Lip{f) [ E\\ip{t,-)x-ip{t,-)y\\Hdfi{y). 

JH 

By Theorem 12.81 we have \\(f{t,u)x — ip{t,uj)y\\ — )> P-almost surely for t — )■ oo and by 
contractivity W^pit, ■)x — ip(t, ■)y\\H < ll^^ — uWh- Since /i G Jlii{H), dominated convergence 
yields 

\PJ(x)-fi{f)\^0, 



for t — J- cx). 



□ 
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Proof of Corollary \2.1(A Let 



Ptf{x) = Ef{S{t, 0; ■)x) = Ef{ip{t, ■)x), 

for / G Bfy{H) and x E H. The unique existence of variational solutions X{t,{]\u)x is well 
known (cf. [38l Theorem 4.2.4]). By pathwise uniqueness of the solution, S{t,Q\bj)x and 
X{t, 0; ijj)x are indistinguishable and thus the associated Markovian semigroups on Bh{H) 
coincide and are Feller (cf. [381 Proposition 4.3.5]). Monotonicity of the drift implies con- 
tractivity of Lp. By [35l Theorem 1.3] there is a unique invariant measure ^ G A^i with 
||x||^(i/i(2;) < oo and for all Lipschitz functions F : H ^ W 



s 



where Lip{F) is the Lipschitz constant of F. In order to obtain bounds on higher moments 
of fj, we note (as in [Ml Lemma 2.2]) 

-t 



/ ||X(r,0;-)0||^||X(r,0;-)0||^6?r<C, 
Jo 



for all > 4, t > 0. Since is obtained as the weak limit of /i„ := ^ C{X{r, 0; ■)0)dr this 
implies 

I ^ 1 1 ^ 1 1 X 



H 



In particular /i(|| ■ < oo for all A; > 1. We obtain 



<5 



for f — oo which implies weak*-mean ergodicity. By Theorem 12.61 there is a measurable 
compact random attractor A and Theorem 12.81 yields diam(^(^ta;)) = diam{<p {t,u)A{u)) — 
0. Since 9t is P preserving this implies diam(^(a;)) = almost surely, i.e. A{oj) is a single 
point. □ 



4.8 Finite time extinction (Theorem 12.121) 

We will need the following 

Lemma 4.5. Let 13 be a real-valued Brownian motion and g, s G M. Then 

t 



g'j^K. f-'/gj^ y 



almost surely. 
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Proof. We first prove convergence in probability. By the scaling property of Brownian motion 
we have q^Pr+s — Ps) = qPr = 2/3,2 in law. Hence, 



t-s 



e ^ dr 



4 M-^) 



(f Jo 



,2/3, 



in law. Therefore, it is sufficient to prove divergence of 

Jo 

in probability. By [1] we know that At has the density function 



P[A e du] 

Let K >0. Then 

< K] = 



du 



1 



cosh(^)e 



dt 




K 



1 1 cosh(o2 

:Cosh(^)e 2" 2« (iwd^. 



v27ru^ v27rt 



Taking the absolute value and substituting u ^^^^^ in the inner integral yields 



< K] < 2e sT 




6 2 e 2t 



dudC,- 



Let now e > and choose R > such that rc^h{H) ^^^du < |. Then choose t so large that 



- 7r2 

sup^g[_^^^] ^ < and 2e w < 4. We obtain 



t < = 2e 



e 2 e 2t 



^27r V2TTt 



dud^ 



<4|i 



/if 

-^2 

6 2, £ 



6 2 6 2t 



c°sh(l) J2-K 



-.du H — 
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.R^R]c J Es^M \/1t\ yl'nt 



di\<e, 



dud^ 



for all t sufficiently large, i.e. P[Aj < K] 0, for t — j- oo. Hence, the same holds for 
g9(/3r-/3s)^j,^ conclude that for almost all w G there exists a to (depending on co) such 

that e'^^^''~^^'>dr > K. Since e'^^^''~^''^dr is increasing in t, this implies e''^'^''~^'^dr > K 
for all t > to, i.e. 



— >■ oo, 



almost surely. 



□ 
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Proof of Theorem \2.1^ : Let B C H bounded and x & B. Recall that Z{t, s; u)x satisfies 
Z(t, s;u)x = X + / firii^)A (^r, fi~^{u)Z{r, s;u)x) dr. 



In particular Z{t, s; u)x is absolutely continuous. By the chain-rule 

^\\Z{t,s;u])x\\H = iiti^f v*{A {t,fi-^{u)Z{t,s]u)x) , n-^{uj)Z{r, s]uj)x)v 
< X{uj)fit{ujf~P\\Z{t,s;uj)xfj^dr, 
for almost every t G [s, oo). Lemma [4.21 yields 



\\Z{t,s;uj)x\\l< (||x||^-^-(l-|)AH f iiriuf-^dry^ 



2-p 



for all t > s. Since S{t, s; u)x = iJit{oj)Z{t, s; u){fis{ijj) ^x), we obtain 
\\Sit, s- u)x\\l < fiticof ((\\fi,{cor'x\\l~^ - (1 - |)AM T/i^M^-Prfr ) V 



2-p 



< fitiooffi^iur' ( f IISII^-^ - (1 - |)A(a;) /* e-M(2-rt(/3.H-/3.H)^^ ) v 



2 

2-p 



Now we can apply Lemma 1^31 to obtain \\S{t, s; uj)x\\'jj = 0, for t >tQ and to = tQ{\\B\\H, uj, s) 
large enough. □ 



5 Appendix 

Proposition 5.1. Let : [0,T] x V —> V* , e > be a family of monotone operators 
converging pointwisely in V* , i.e. for every t G [0, T] and x & V we have 

\\A'it,x)-A\t,x)\\v^^O, 

for £ —J- 0. Assume that there exists an a > 1 such that \\A'^{t,x)\\y'^^ < C(||a;||y + 1) and 
that are variational solutions to the corresponding equations 

±Yf + A%t,Yf) = 0, (£>0) 

satisfying the uniform bound ||l^/||La([o,T];\/) ^ C. Then 



sup ||y/-y^o||^->o, 

te[o,T] 



for £ — )■ . 
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Proof. By the chain-rule 
Jo 

= f y.{-A^{r, y/) + A^(r, Y^)X ' Y^)y dr + f ^,{A\r, Y^) - A^(r, y,°), y/ - y,°>^ dr 
^0 Jo 

< £ y,°) - A^{r, y,°), y; - y.^)^ dr 
<||V(r,y°)-A^(r,y;)||^^(p^^j^^,^||y^-y°IU.ao,T];y) 

By dominated convergence the claim follows. □ 
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